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/HW�XV�VWDUW�ZLWK�D�QXPHULFDO�H[DPSOH�

7\SLFDO�OLQH�RI�∆υ����=�+]�= (π7��
±��
�Æ� 7� ���π�±��≈�����V

TXHVWLRQ���� LGHDO�DFTXLVLWLRQ�WLPH��WD�"

PHPR�� LI�WD�WRR�VKRUW� Æ� $�W\SH�),'�LV�REWDLQHG��WUXQFDWHG�

LI�WD�WRR�ORQJ� Æ� %�W\SH�),'�LV�REWDLQHG��WRR�PXFK�QRLVH�

DQVZHU�����DFTXLVLWLRQ�XQWLO�WKH�LQWHQVLW\�RI�WKH�),'�LV�������RI�WKH�LQLWLDO�YDOXH�RI�6 6�W�

6�W�  �H[S��W�7���DQG�7�≈�����V� Æ ���� H[S��W������� Æ W �������V

PHPR� W\SLFDO�WPD[!�7� Æ LQ�WKLV�FDVH�WKH�VXJJHVWHG�WPD[!����V

TXHVWLRQ���� VL]H�RI�WKH�GDWD�YHFWRU�U�W�"

PHPR GZ 6Z
±�

H�J� 6Z� ����N+] Æ GZ� �����µV
$FTXLULQJ�GDWD�IRU�W �������V�

$�QHZ�SRLQW�DW�HYHU\�����µV�Æ≈������SRLQWV�WR�EH�VWRUHG
DQVZHU����� U�W��VKRXOG�EH��N�������SRLQWV�

FRQFOXVLRQ� GLJLWDO�UHVROXWLRQ�����+]�SRLQW

TXHVWLRQ���� ZKDW�LI�WPD[����������V FRQVHTXHQFH��WUXQFDWHG�GDWD

TXHVWLRQ���� ZKDW�LI�WPD[�!��������V FRQVHTXHQFH��QRLVH�LV�FROOHFWHG

DQVZHU�����WR�LPSURYH�GLJLWDO�UHVROXWLRQ�������+]�SRLQW� ]HUR�ILOO

H�J��≈����+]�SRLQW� ]HUR�ILOO�XS�WR����N
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7\SLFDO�SURFHVVLQJ�VWHSV��RQH�GLPHQVLRQDO�RSHUDWLRQV��DORQJ�WKH�UHFRUGHG��'�GDWD

$�WLPH��WDFT���GRPDLQ�FRPSOH[�YHFWRU�U�W�

↓
VXSSUHVVLRQ�RI�VROYHQW�DQG�UHPRYH�'&�RIIVHW

↓
DSRGL]H

↓
]HUR�ILOO

↓
VFDOH�ILUVW�SRLQW

↓
GLVFUHWH�)RXULHU�WUDQVIRUP

↓
SKDVH�FRUUHFWLRQ

↓
EDVHOLQH�FRUUHFWLRQ

↓
$�IUHTXHQF\�GRPDLQ�IXQFWLRQ�I�ν�

7\SLFDO�SURFHVVLQJ�VWHSV�DORQJ�D��'�GDWD�VHW

$�WLPH��WDFT���GRPDLQ�FRPSOH[�YHFWRU�U�W��W��

SURFHVVLQJ�DORQJ�W���0�FRPSOH[�YHFWRUV�

VXSSUHVVLRQ�RI�VROYHQW�DQG�UHPRYH�'&�RIIVHW

DSRGL]H

]HUR�ILOO

VFDOH�ILUVW�SRLQW

GLVFUHWH�)RXULHU�WUDQVIRUP

SKDVH�FRUUHFWLRQ

EDVHOLQH�FRUUHFWLRQ

U�W��ν��

SURFHVVLQJ�DORQJ�W���1�FRPSOH[�YHFWRUV�

DSRGL]H

]HUR�ILOO

VFDOH�ILUVW�SRLQW

GLVFUHWH�)RXULHU�WUDQVIRUP

SKDVH�FRUUHFWLRQ

I�ν��ν��
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WLPH�GRPDLQ�VLJQDO��6� 6�W�

PHPR�������)7^6�W�`� ���!�6�υ�� �∫�6�W��H[S���L�πυW��GW������������πυ� �ω
PHPR������,)7^6�υ�`� ���!�6�W��� �∫�6�υ��H[S���L�πυW��Gυ
PHPR������6�υ��DQG�6�W��DUH�)RXULHU�SDLUV
PHPR������)7�DQG�,)7�DUH�OLQHDU�RSHUDWLRQV��WKHUHIRUH�

�)7^F6�W�`� �F�)7^6�W�`��DQG��)7^6�W��4�W�`� ��)7^6�W�`��)7^4�W�`

WKHRUHPV�RI�)7�UHOHYDQW�IRU�105�GDWD�SURFHVVLQJ�

$� VLPLODULW\�WKHRUHP�

)7^6�FW�`� �|F|��6�ω�F�� �|F|��6��πυ�F�

%URDGHQLQJ�WKH�IXQFWLRQ�LQ�WKH�WLPH�GRPDLQ�LV�QDUURZLQJ�LW�LQ�WKH�IUHTXHQF\

GRPDLQ

% WLPH�VKLIWLQJ�WKHRUHP�

)7^6�W�τ�`� �H[S���L�πυτ��6�υ�
'HOD\LQJ�LQ�WKH�WLPH�GRPDLQ�ZLOO�LQGXFH�D�IUHTXHQF\�GHSHQGHQW�SKDVH�VKLIW

& IUHTXHQF\�VKLIWLQJ��WKHRUHP�

)7^6�W��H[S���L�πυRτ�`� �6�υ�υR�
IUHTXHQFLHV�FDQ�EH�VKLIWHG�DIWHU�DFTXLVLWLRQ

' FRQYROXWLRQ�WKHRUHP�

4�W�6�W�� �∫�4�τ�6�W�τ�Gτ LW
V�)7 �)7^4�W�6�W�`� �4��πυ�6��πυ�
FRQYROXWLRQ�RI�WZR�IXQFWLRQV��H�J��UHPRYDO�RI�UHVLGXDO�VROYHQW�IUHTXHQFLHV�

( 3DUVHYDO
V�WKHRUHP�

∫�|6�W�|��GW� �∫�|6��πυ�|��Gυ
7KH�LQIRUPDWLRQ�FRQWHQW�RI�WKH�VLJQDO�LV�LGHQWLFDO�ERWK�LQ�WKH�WLPH�DQG�IUHTXHQF\

GRPDLQ���QR�PDJLF��
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$SRGL]DWLRQ

GHVFULSWLRQ���� DSRGL]LQJ�WKH�WLPH�GRPDLQ�VLJQDO

JRDO�� WR�KDYH�D�VLJQDO�LQ�WKH�IUHTX�GRPDLQ�ZLWK�SUHIHUDEOH�OLQH�VKDSH�SURSHUWLHV

FRPPHQW��� QR�PDJLF��F�I��(�

���=HUR�ILOOLQJ

����PLQLPDO�]HUR�ILOOLQJ

IDFW� IDVW�)RXULHU�WUDQVIRUPDWLRQ��))7���LV�IDVWHU�WKDQ�GLVFUHWH�)RXULHU�WUDQVIRUPDWLRQ��')7�

PHPR� ')7 �UHTXLUHV�11� VWHSV

))7 �UHTXLUHV�1ORJ�1� VWHSV

SUREOHP��1�PXVW�EH�HTXDO�WR��P��P� ����������P�

VROXWLRQ��]HUR�ILOOLQJ�XS�WR�WKH�QH[W��P ��

H�J� DFTXLUH�N�GDWD�SRLQW

DWWDFK�WR�WKH�HQG���P�N��]HUR

����LGHDO�]HUR�ILOOLQJ

DGG�D��P�]HUR�DW�WKH�HQG�DIWHU�PLQLPDO�]HUR�ILOOLQJ

UHVXOW��GDWD�VL]H�RI���P����SRLQWV

����H[WUD�]HUR�ILOOLQJ

]HUR�ILOLQJ�PRUH�WKHQ���P����SRLQWV�LV�MXVW��FRVPHWLF�

���$SRGL]DWLRQ

VRXUFH�RI�SUREOHPV�LQYRNLQJ�IRU�DSRGL]DWLRQ�

�WUXQFDWLRQ�DUWLIDFWV� �W\SLFDO�IRU�QRQ�DFTXLVLWLRQ�GLPHQVLRQ�

�ORZ�VLJQDO�WR�QRLVH�UDWLR �FRPPRQ�IRU�Q'�H[SHULPHQWV�

�ORZ�UHVROXWLRQ �RIWHQ�REVHUYHG�IRU�Q'�H[SHULPHQWV�

�QRW�LGHDO�OLQHVKDSH

DQVZHU�LQ�WKHRU\� FRQYROXWLRQ�LQ�WKH�IUHTXHQF\�GRPDLQ�ZLWK�WKH�PRVW�DSSURSULDWH

OLQHVKDSH�IXQFWLRQ�^�+�υ�`� �6’ �υ� +�υ�6’ �υ��
DQVZHU�LQ�SUDFWLFH� PXOWLSOLFDWLRQ�RI�WKH�),'�ZLWK�RQH�RU�PRUH�ZLQGRZ�IXQFWLRQ�V��LQ�WKH

WLPH�GRPDLQ�
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$��1RW�VKLIWHG�+�W� functions

$�� DQ�H[SRQHQWLDO��+�W�=H[S�±π&W�

([DPSOH�����7KH�RULJLQDO�6�W� H[S�±W�7��H[S�L�πυDW�
DIWHU�)7�KDV�D�/RUHQW]LDQ�OLQH�VKDSH�ZLWK�∆υ���=B�ZKHUH�%� ��π7��

±�
�

0HPR�&RQYROXWLRQ�LQ�υ�LV�PXOWLSOLFDWLRQ�LQ�W
LI�+�W�=H[S�±π&W��LV�WR�EH�XVHG��DQ�H[SRQHQWLDO�>)LJXUH�$�D@��WKHQ�WKH�QHZ�IXQFWLRQ�LV�

6’�W� H[S�±W�7��H[S�L�πυDW��H[S�±π&W�

$IWHU�PXOWLSOLFDWLRQ�� 6’�W� H[S±^�π&+��7��W`H[S�L�πυDW��
$IWHU�)7�6’�W��KDV�D�/RUHQW]LDQ�OLQHVKDSH�ZLWK�∆υ���=B+C�ZKHUH�&��π7��

±�
�

FRQFOXVLRQ�� WKH�OLQH�KDV�EURDGHQHG�E\�&��EXW�6�1�KDV�LPSURYHG��QRLVH�LV�EURDGHQHG�RXW�

([DPSOH����

LI�+�W�=H[S��π&W�� LV� WR�EH�XVHG� �DQ�H[SRQHQWLDO� IRU� UHVROXWLRQ�HQKDQFHPHQW�� WKHQ� WKH
QHZ�IXQFWLRQ�LV�

6’�W� H[S�±W�7��H[S�L�πυDW��H[S��π&W�

$IWHU�PXOWLSOLFDWLRQ�� 6’�W� H[S±^�±π&+��7��W`H[S�L�πυDW��
$IWHU�)7�WKH�6’�W��KDV�D�/RUHQW]LDQ�OLQHVKDSH�ZLWK�∆υ���=B–C�ZKHUH�&±�π7��

±�
�

FRQFOXVLRQ�� 7KH�OLQH�LV�QDUURZHU�WR�WKH�H[SHQVH�RI�6�1�

,Q�WKHRU\�WKH�OLQH�VKDSH�FDQ�EH�UHPRYHG�

$�� *DXVVLDQ���+�W�=H[S^±�NW��`

%��6KLIWHG�+�W� functions
%�� 6KLIWHG�*DXVVLDQ��� +�W�=H[S^±&�NW�N�W�

�
`

%�� /RUHQW]LDQ�WR�*DXVV�WUDQVIRUPDWLRQ� +�W�=H[S^π&W`H[S^��NW��`
%�� 6LQ�EHOO� +�W�=sin^π�[t+t 0]\[t max+t0])}
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���� LGHDO�DSRGL]DWLRQ�DJDLQVW�WUXQFDWLRQ�DUWLIDFW

SUREOHP� �GDWD�LV�RIWHQ�WUXQFDWHG�

FRQVHTXHQFH�� WKH�WLPH�GRPDLQ�VLJQDO�LV�QRW�UHGXFHG�VPRRWKO\�WR�]HUR��!�WKH�IUHTXHQF\

GRPDLQ�VLJQDO�FRQWDLQV�WUXQFDWLRQ�ULSSOHV�

DQVZHU�� XVH�DSRGL]DWLRQ

WKH�LGHDO�ILOWHULQJ�IXQFWLRQ� 'ROSK�&KHE\VKHY�IXQFWLRQ�

,)7�^FRV>��1���FRV��^]RFRV�ω∆W���`@�FRVK>��1���FRV��^]R`@`
ZKHUH� 1� �VDPSOHG�SRLQWV

∆W� �VDPSOLQJ�SHULRG
]R� �>FRV�δ∆W���@��

SUREOHP��� WRR�FRPSOH[��LQ�LWV�QDWXUH

DSSOLFDWLRQ�� XVH�DV�EHQFKPDUN�IRU�HYDOXDWLQJ�RWKHU�ILOWHULQJ�IXQFWLRQV��H�J��+DPPLQJ�IXQFW��

.DLVHU�)XQFW��

���� PD[LPL]H�VLJQDO�WR�QRLVH

LI�WPD[�!��7��WKHQ�DQ�H[SRQHQWLDO��OLQH�EURDGHQLQJ��IXQFWLRQ�LV�XVHG�LQ�WKH�WLPH�GRPDLQ�

H[S���λW�� ZKHUH�λ�≈���7�����λ�LV�WKH�IXOO�ZLWK�DW�KDOI�KHLJKW�RI�WKH�/RUHQW]LDQ
SUREOHPV�� H[S���λW��FDQ�RSWLPLVH�RQO\�WKH�VLJQDO�DW�λ�IUHTX�

�)RU�DOO�RWKHU�IUHTX��LW�LV�MXVW�DQ�DSSURDFK��

PDNHV�WKH�LQWHJUDWLRQ�RI�WKH�DSSRGL]HG�IXQFWLRQ�LQFRUUHFW

RIWHQ�DSSOLHG�IRU�DFTXLVLWLRQ�GLPHQVLRQ�
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���� OLQHDU�SUHGLFWLRQ


